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1. Introduction 

Piezoelectric transducers are used in various 
devices and they are driven under high power 
condition. Nonlinear effects such as “jumping 
phenomena” in current, hysteresis of admittance 
curve and temperature rise of piezoelectric 
transducer under high power driving are well-
known; however, they cannot be simulated by a 
traditional piezoelectric equivalent circuit. Our 
research group has already succeeded in simulating 
nonlinear effects neglecting temperature rise[1]. 
However, this method is limited for uniform 
temperature condition. In the actual driving, 
temperature distribution is inevitable in the 
transducer. 

In this study, we established a high power 
piezoelectric vibration model considering the 
interaction between temperature rise and nonlinear 
effect. The plate-type transducer was driven by 
longitudinal 31 mode. First, temperature-dependent 
material constants of PZT transducer was measured. 
Second, we formulated the nonlinear vibration using 
a distributed parameter system with a transfer matrix 
method. Using the transfer matrix model and 
considering the change of material constants due to 
temperature increase, we succeeded in simulating the 
piezoelectric vibration under high power driving. 
 
2. Nonlinearity 
  The relationship between applied voltage 𝑉 and 
current 𝑖 in the mechanical port of the piezoelectric 
LCR equivalent circuit is given as equation (1): 
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where 𝐿 , 𝑅�  and 𝐶�  are equivalent mass, 
equivalent dumping and equivalent elastic constant, 
respectively. Under high power condition, the 
relationship is written as equation (2)[1]: 
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where 𝜔  is driving angular frequency; 𝜉  and 𝜂 
are nonlinear coefficients which are related to the 
mechanical third mode vibration excited by high 
stress. Nonlinear coefficients, 𝜉 and 𝜂 are related 
to mechanical stiffness and loss, respectively and 
they are considered under lumped parameter 
system[1]. In this research, we considered the 
temperature distribution of the piezoelectric 
transducer with distributed parameter system. 
Accordingly, we added the nonlinear coefficient 
𝐸�into the equation between stress 𝑇� and strain ��

��
 

as equation (3): 
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 (3) 
where 𝑥  is longitudinal position and 𝑢�  is 
displacement. 𝐸�  and 𝐸�  are complex number. 
Real and imaginary part of 𝐸�  is given as 
equation (4)-(5): 
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16
9
𝐸��� 𝐴�

𝜌𝜔𝐿 𝜉 (4) 
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16
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where 𝐸�� is real part of 𝐸�, 𝐴 is force factor 
and 𝜌 is density. 
 
3. Measurement 

Material constants of the piezoelectric transducer 
can be obtained from admittance curve measurement. 
We measured the admittance curve of the PZT 
transducer under various temperature condition and 
obtained temperature dependency of material 
constants. We put a rectangular plate type PZT 
transducer (Fuji Ceramics PZT C-203 44mm ×
7mm × 2mm ) in the thermostat chamber (Yamato 
DKN302) and connected it to the frequency response 
analyzer (NF FRA5097). We measured the 
admittance curve with linear effect condition (input 
voltage: 0.5 [Vpp]) and high nonlinear effect 
condition (input voltage: 10 [Vpp]). They were 
measured in a short time to avoid temperature rise 
during the measurement. Figure 1 shows the 
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temperature dependency of nonlinear coefficients 𝜉 
and 𝜂. We utilized these results for the calculation to 
consider the temperature dependency. 

 

 
Fig. 1. Temperature dependency of nonlinear 

coefficients 
 
4. Transfer matrix model for nonlinear vibration 
  We used the transfer matrix to calculate the 
piezoelectric nonlinear vibration as a distributed 
parameter system. We defined Young’s modulus 
including a nonlinear term as equation (6) : 
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 (6) 
It can be obtained from equation (3) by eliminating 
the higher frequency component. Using this Young’s 
modulus 𝐸′, the transfer matrix including nonlinear 
component is given as equation (7) : 
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where 𝑎 = cos(𝑘′𝑙) , 𝑏 = sin(𝑘′𝑙)  and sound 
velocity 𝑐′ , wave number 𝑘′ , force factor 𝐴 , 
acoustic impedance 𝑍′ and cross-sectional area 𝑆 
are given as: 
 𝑐′ = ���

�
, 𝑘� = �

��
, 𝐴 = ����

����
, 𝑍′ = ��

��
, 𝑆 = 𝑤ℎ (8) 

In this calculation, the transducer was divided into 
101 parts and material constants were dependent on 
temperature at each divided part. Calculating 
velocity and force at each surface, the stress and the 
strain distribution could be obtained.  
 
5. Calculation 
  Changing material constants by temperature 
distribution and calculating the vibration state with 
transfer matrix model, we can handle the nonlinear 
vibration with temperature dependency. The 
temperature distribution was calculated by heat 
conduction equation (9): 
 𝜌𝛾

𝜕𝑇
𝜕𝑡 = 𝜆

𝜕�𝑇
𝜕𝑥� + 𝑞̇ − 𝛼𝑆��(𝑇− 𝑇�) (9) 

where 𝛾  is specific heat capacity, 𝑇(𝑥, 𝑡)  is 
tempeature, 𝜆  is heat conductivity, 𝛼  is 
convection heat transfer coefficient, 𝑆��  is heat 
conduction area and 𝑇� is atmospheric temperature. 
Figure 2 shows the calculated and measured 
temperature distribution. At the center of the 
transducer, temperature was calculated 54.4℃ and 
measured value was 59.3℃. Using this method, we 
could simulate the saturation of the vibration 
velocity with and without temperature rise as shown 
in Fig. 3. As the input voltage increases, temperature 
increase due to the vibration loss. Consequently, the 
interaction between temperature rise and nonlinear 
effect causes the velocity saturation in lower voltage 
than the calculation without temperature rise. 
 

 
Fig. 2. Calculated and measured temperature 

distribution (Applied driving voltage: 
30Vpp) 

 

 
Fig. 3. Calculated velocity saturation with/without 

temperature rise at the center of the 
transducer 

 
7. Conclusion 
  In this study, we proposed a high power 
piezoelectric vibration model considering the 
interaction between temperature rise and nonlinear 
vibration. It enables to estimate the piezoelectric 
material suitable for the high power piezoelectric 
devices, overwhelming the conventional PZT. 
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